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CROSSED MODULE ACTIONS 
ON CONTINUOUS TRACE C*- ALGEBRAS 

RALF MEYER AND ULRICH PENNIG 


Abstract. We lift an action of a torus T n on the spectrum of a continuous 
trace algebra to an action of a certain crossed module of Lie groups that is 
an extension of R n . We compute equivariant Brauer and Picard groups for 
this crossed module and describe the obstruction to the existence of an action 
of M n in our framework. 


1. Introduction 

The low energy approximation of string theory is described by a spacetime M 
together with a B-field over M, whose field strength gives rise to a class <5 G 
H 3 (M, Z). To such a pair, string theory associates a conformal field theory. It was 
observed in [7] that certain transformations, now known as Buscher rules, preserve 
the theory. While the Buscher rules only apply in local charts, a global topological 
description for principal circle bundles was found in [2] . This generalization of the 
Buscher rules is now called topological T-duality. Its effect on Chern and Dixmier- 
Douady classes was worked out in [3] . 

Topological T-duality was generalized to the case where M = P —> X is a prin¬ 
cipal torus bundle over a base space X. This setup has a very elegant description 
in terms of non-commutative geometry [16,17]: Let P be a principal T”-bundle 
over X and let A be a continuous trace C*-algebra with spectrum P. The action 
of T n does not always lift to a T"-action on A: this may fail already for n = 1. 
Lifting the action to an action of 1" on A works much more often: for this, we 
only need to know that A restricts to trivial bundles over the orbits of the action 
(see [12]). If an R n -action on A exists and if A = A x K™ is again a continuous 
trace C*-algebra with spectrum P, then A is considered T-dual to A, and the 
Connes—Thom isomorphism K*(A) = K* + „(A) is the T-duality isomorphism be¬ 
tween the twisted K-theory groups of P and P given by A and A, respectively, see 
[16,17]. The C*-algebra A may fail to have continuous trace, for instance, by being 
a principal bundle of noncommutative tori. In this case, one may still consider the 
C*-algebra i to be a T-dual for A. 

If there is no action of R ra on A, then [4] suggests non-associative algebras that 
may play the role of the T-dual. Another situation where non-associative algebras 
appear naturally are Fell bundles over crossed modules or, equivalently, actions of 
crossed modules on C*-algebras (see [9,10]). We relate these two appearances of non¬ 
associativity: the action of T" always lifts to an action of a certain crossed module 
on A. Its actions are equivalent to a certain type of non-associative Fell bundle 
over R ra . Such a Fell bundle may be viewed as a continuous spectral decomposition 
for the dual R™-action on a non-associative algebra of the type studied in [4] . Thus 
crossed module actions give an alternative framework for understanding the non- 
associative algebras proposed in [4]. 

T-duality is most often formulated for principal circle bundles. The case of 
non-free circle actions with finite stabilizers has been studied by Bunke and Schick 
in [6]. It corresponds to the study of U(l)-bundles over orbispaces, which are 
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modeled by topological stacks in [6]. The authors also find a sufficient condition 
for the T-duality transformation for a generalized cohomology theory to be an 
isomorphism. T-duality is generalized to arbitrary circle actions in [18], using the 
Borel construction. We treat general T"-actions right away, that is, we allow P to 
be an arbitrary second countable, locally compact T"-space. Any T”-action lifts to 
an action of our crossed module. 

A crossed module of topological groups P = ( H 1 ,H 2 ,d) is given by topologi¬ 
cal groups H 1 and H 2 with continuous group homomorphisms d: H 2 —> H 1 and 
c: H 1 —>• Aut(P 2 ) with two conditions that mimic the properties of a normal 
subgroup and the conjugation action on the subgroup. We shall mostly use the 
following crossed module: 


(1) 


H 1 = R" © A 2 R", 

H 2 = A 2 R" © A 3 R n , 
d: H 2 -> H\ 
c: H 1 —> Aut(P 2 ), 


(0i,£i)-(02,6) 

d(6,S) 

C (t,ri) ( 0 , £) 


(ti +t 2 ,rii +r] 2 +ti At 2 ), 
(01 + 02,?1 + 6 )) 

( 0 , 0 ), 

(0, £ + t A 0), 


where t,ti,t 2 £ R ra , rj, 771,772 , 0, 0i, 0 2 £ A 2 R" and £,£i,£ 2 £ A 3 R". Here A fc R" 
denotes the fcth exterior power of R n . An action of this crossed module on a C*- 
algebra A consists of two continuous group homomorphisms a: H 1 —> Aut (A) and 
u: H 2 — > U(M(A)) with ag^) = Ad u ( ft ) for all h £ H 2 and ah(uk ) = W h (fc) f° r 
all h £ H 1 , k £ iZ 2 ; in addition, we want a to lift the given action of on the 
spectrum of A. 

An action (a, u) as above is determined uniquely by at = O(t,o) for t £ K" 
and u tlAt2 = U( tl At 2 > 0) for *i,*2 £ because a tl a t 2 a ^ +t2 = a( 0 itl At 2 ) and 
ati(ut 2 At 3 ) = U( 0itl At 2 At 3 )- The unitaries u tlM2 are such that Ad UtiAt2 = a (CMlAt2 ). 
So t i-a at is an action of R" up to inner automorphisms given by itt lA t 2 . These uni¬ 
taries are, however, not a*-invariant. We only know that the unitaries a tl (r£ 2 At 3 ) = 
W(o,tiAt 2 At 3 ) are central. 

If we divide out the A 3 -part in H 2 , then we get a crossed module that is equiv¬ 
alent to R”; its actions are Green twisted actions of R", so they can be turned 
into ordinary actions of R" on a C*-stabilisation. The assumptions above imply 
that A 3 R" acts through a map to central, R n -invariant unitaries in A, that is, by 
a map to C(P/R n ,T). A homomorphism A 3 R” C{P/ R ra ,T) lifts uniquely to 
A 3 R n —► G(P/R ra ,R), and such a homomorphism appears as the obstruction to 
finding an action of R" on A that lifts the given T"-action on P. Actions of the 
crossed module 7Z may contain such a lifting obstruction, so that there is no longer 
any obstruction to lifting the action to one of H. 

Besides proving the existence of liftings, we also classify them up to equivalence; 
that is, we compute the equivariant Brauer group with respect to the crossed mod¬ 
ule P: There is an exact sequence of Abelian groups 

P 2 (P, Z) ->■ C(P/R",n 2 R n ) -> Br H {P) -» Br(P). 


The surjection Br^(P) -» Br(P) says that any continuous trace C*-algebra over P 
carries an action of P lifting the given action of T” on the spectrum. The description 
of the kernel is the same as for the R n -equivariant Brauer group, so our result says 
that whenever we may lift the action on P to an Reaction on A, then there is a 
bijection between actions of P and R" on A. 

We also compute the analogue of the equivariant Picard group for our crossed 
module actions, and get the same result as in the case of Reactions. Thus the only 
effect of replacing R” by the crossed module P is to remove the obstruction to the 
existence of actions. 
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Our proof uses a smaller weak 2-group Q that is equivalent to H. It consists of 
the Abelian groups G 1 = coker(c^) = R" and G 2 = ker(9^) = A 3 R n , which are 
linked by the non-trivial associator 

a(ti, t 2 ,t 3 ) = -ti A t 2 A t 3 for t\,t 2 ,t 3 £l” 

We describe morphisms that give an equivalence between Q and the weak 2-group 
associated to K. The crossed module actions above are strict, but there is a more 
flexible notion of weak action that makes sense for weak 2-groups and 2-groupoids as 
well, see [11], The Packer-Raeburn Stabilisation Trick extends to crossed modules 
and shows that any weak action of a crossed module is equivalent to a strict action. 
Since Q and T~L are equivalent, they have equivalent weak actions on C*-algebras. 
Thus we get the desired strict action of T~L once we construct a weak action of Q. 

The weak actions we have in mind are equivalent to saturated Fell bundles in 
the case of a group action. For actions of a weak 2-group such as G, they are non- 
associative Fell bundles over G 1 = R" where the associator is given by unitaries 
coming from the action of G 2 = A 3 R". Allowing weak actions simplifies the study 
of equivariant Brauer groups, already in the group case. We reprove the obstruction 
theory for Reactions on continuous trace C*-algebras along the way. The bigroup 
version of the result is only notationally more difficult. 

The crossed module 7~L described above can be made slightly smaller: we may 
divide out the lattice A 3 Z" inside A 3 R n , resulting in a compact group. This is 
so because the lifting obstructions that appear for T n -actions on continuous trace 
algebras always vanish on the lattice A 3 Z”, and hence so do all the actions of H 
that appear. This feature, however, is special to actions of R" that factor through 
the standard torus R"/Z n . The existence result for actions of T~L still works for 
actions of R” if the stabiliser lattices are allowed to vary continuously for different 
orbits. 

To compute the lifting obstruction of a given continuous trace C*-algebra, it 
suffices to consider a single free T”-orbit, that is, the case of the standard translation 
action of T” on itself. Since R” acts transitively on T", the transformation crossed 
module H x T" is equivalent in a suitable sense to the “stabiliser” of a point in T"; 
this gives the subcrossed module 77 of H with 


H 1 = Z n x A 2 R n , H 2 = H 2 . 

We do not develop the full theory of induction for crossed modules because the 
relevant special case is easy to do by hand. It turns out that actions of 77 on 
continuous trace C*-algebras over T n are equivalent to actions of 77 on continuous 
trace C*-algebras over the point. Since our whole theory is up to equivalence, this 
is the same as weak actions of 77 on the complex numbers C. Replacing 77 by the 
corresponding sub-2-group G Q G, it is straightforward to classify these. This also 
gives the equivariant Brauer group for a single T"-orbit, and then allows to identify 
the lifting obstruction, up to a sign maybe, with the family of Dixmier-Douady 
invariants of the restrictions of A to the orbits of the Reaction. 
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matics in Bonn. The authors would like to thank the organisers of this workshop 
and the staff at the HIM. The second author was supported by the SFB 878 “Groups, 
Geometry and Actions.” 
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2. A CROSSED MODULE EXTENSION OF K n 


We construct a crossed module extension TL of R ra that circumvents the obstruc¬ 
tion to lifting Reactions from spaces to continuous trace C*-algebras described 
in [12]. We also describe a smaller weak topological 2-group Q equivalent to T~L. 

Definition 2.1. A crossed module of topological groups T~l = (if 1 , H 2 , d) is given by 
topological groups H 1 and H 2 with continuous group homomorphisms d: H 2 —> H 1 
and c: H 1 —> Aut(H 2 ), such that 

d{c hl (h 2 )) = hi d(h 2 ) hf 1 , c d ( ha )(ti 2 ) = h 2 h' 2 h 2 * 

for all h± £ H 1 , h 2l h' 2 £ H 2 : continuity of c means that the map H 1 x H 2 —> H 2 , 
(hi,h 2 ) i-A c hl (h 2 ), is continuous. 

A weak 2-group is a bicategory with only one object and with invertible arrows 
and 2-arrows. A 2-arrow or 2-cell in a bicategory is an “arrow” between two arrows. 
We call 2-arrows “bigons” because they should be drawn like this: 


/ 
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here x and y are objects, / and g are arrows x y, and a is a bigon from / 
to g. The standard reference for bicategories is [1]; we mainly follow [11], which is 
concerned with their C*-algebraic applications. 

Crossed modules model strict 2-groups, that is, 2-groups with trivial unitors 
and associator. Let Ti. = (ff 1 , ff 2 , 9) be a crossed module. The associated strict 
2-group Cu has a single object and H 1 as its space of arrows. The space of bigons 
is H 2 x H 1 with source map (h 2 , hi) i —> hi and target map (h 2 , hi) >-> d(h 2 )hi. We 
denote this by h 2 : hi => d{h 2 )hi or 


hi 



d(h 2 )hi 


The composition of arrows is the group multiplication in H 1 . The vertical composi¬ 
tion of bigons is the multiplication in H 2 , and the horizontal composite of h 2 : hi =>• 
d(h 2 )hi and k 2 : ki =>■ d(k 2 )ki is h 2 • k 2 = h 2 Ch 1 {k 2 ): hiki d(h 2 )hid{k 2 )ki = 
d(h 2 c hl (k 2 ))hiki. 

We shall mostly use the crossed module H defined in (1). It is routine to check 
that H is a crossed module of Lie groups. 

Since the arrow (t, rf) in the Lie 2-group C-u is equivalent to (t, 0) by a bigon, 
we should be able to shrink C-h, replacing the space of arrows by R". This should 
reduce the space of bigons to R n x A 3 R™ because bigons (ti, 0) => (t 2 , 0) in C-h are 
of the form (0, £). The result of this shrinking is a Lie 2-group Q equivalent to Cu- 
This is no longer strict, however, so it does not come directly from a crossed module. 
The starting point is the smooth map $ sending an arrow (t, rf) to the bigon 




* 



*. 


(UO) 

This generates a morphism F = Ad$: Cu —> Cu of Lie 2-groups that is equivalent 
to the identity functor (morphisms between weak 2-categories are described in [11, 
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Definition 4.1]). We now describe F. It maps (*, rj) £ H 1 to the range (*, 0) £ H 1 of 
the bigon <!>(*, rf). It maps a bigon (0, £): (*, rj) => (t,r/ + 6) to the vertical composite 

(*, 0 ) <J= (*, 7?) (t, 7? + 6) (*, 0 ), 

which gives (0,£): (*, 0) =t- (*, 0). Since $(*, 0) = (0,0), our morphism is strictly 
unital, so the bigon it*: 1 * =>- -F(l*) in the definition of a morphism is trivial. A 
morphism F also needs natural bigons 

Wf((f i,t?i), (*2,772)): F(ti,r]i) ■ F(t 2 ,r/2) => ^((*1,771) • (*2,172)) 

describing its compatibility with the multiplication. We get 

Wf((*i,?7i), (*2,772)): (*i,0) • (*2,0) = (*l +*2,*1 A * 2 ) => (*l + *2,0) 
by vertically composing the following 2 -arrows: 


(*i,0) - (* 2 ,0) 


■!>(* 1 , 771 ) 1 »$(i 2 ,r/ 2 ) 


» (*l,77l) • (*2,772) 


, v ^ > (^1+< : 2,^?1+^72+^1 At 2 ) / _ -. 

= (*1 + * 2,771 + 772 + *1 A * 2 ) . (*1 + * 2 ,0); 


this gives C( tl> 0 )(772, 0 ) + (771,0) - (771 + 772 + *i A * 2 , 0 ) = (-*i A* 2 ,*i A 772), so 

wf((*i,t?i), (*2,772)) = (-*1 A * 2 , *i A 772). 

By construction, $ is a transformation from the identity functor to the functor iA 
Since all bigons in C% are invertible, this is even an equivalence. We are going to 
describe the range of F, which is a weak Lie 2-group Q. Its arrows and bigons are 

G 1 = R" = {(*, 0 ) | * e K”} C H 1 , 

G 2 = x A 3 R n = {((*, 0 ), ( 0 , 0) I * G R", £ e A 3 IT } C H 1 x H 2 - 


so (*, £) £ K" x A 3 R ra corresponds to the bigon (0,£): (*, 0) => 5(0, £)(*, 0) = (*, 0) 
and thus has range and source *. The vertical composition of bigons adds the 
^-components as in H. The composition of arrows gives 


(*i, 0) -g (* 2 , 0) — F((*i, 0) • (* 2 , 0)) — F(t\ + * 2 , *1 A * 2 ) — (*1 + * 2 , 0), 

so it is simply the addition in R”. The horizontal composition of bigons in Q is 
defined by applying F to the horizontal composition in C%. Since C( t 0 )(0, £) = (0, £) 
for all * £ R n , f £ A 3 R”, the horizontal composition in Q simply adds the £- 
components. The unit arrow in Q is (0, 0) and the left and right unitors are the 
identity bigons (0, 0) because the morphism F is strictly unital. The associator 
<z(*i, * 2 , * 3 ) for *i, * 2 , *3 £ R ra is defined so that the following diagram of 2 -arrows 
commutes: 


F((h, 0) • F((* 2 ,0) • (* 3 ,0))) ''^ = F(F ((* l5 0) • (*a,0)) ■ (* 3 ,0)) 

$(tl+t2+t3,tlA(t 2 +t 3 )) 4 , (tl+t2+i 3 ,(tl+t2)A7 3 ) 

(*!, 0 ) • F((t 2 , 0 ) • (* 3 , 0 )) F((*!, 0 ) • (* 2 , 0 )) • (* 3 , 0 ) 

l(tl ,0) • t I > (72+7 3 ,72 Ai 3 ) At 2 )»l(t 3 ,o) 

(*!, 0 ) • ((* 2 , 0 ) • (* 3 , 0 )) = ((* 1 , 0 ) • (* 2 , 0 )) • (* 3 , 0 ) 


Since this involves C( tli o)(— *2 A * 3 , 0) = (—*2 A * 3 , — *1 A *2 A * 3 ), we get 

a(*i, *2, * 3 ) = (—*1 A (*2 + *3), 0) — (—(*1 + *2) A * 3 , 0) 

+ (—*2 A * 3 , — *1 A *2 A * 3 ) — (—*1 A *2, 0) = (0, —*1 A *2 A * 3 ). 
These computations lead us to the following definition: 
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Definition 2.2. Let £/(*,*) be the Lie groupoid given by the constant bundle of 
Abelian Lie groups A 3 R" over R”. Let Q be the weak topological 2-group with 
one object * and {?(*,*) as its groupoid of arrows and bigons. The composition 
functor •: £/(*,*) x (?(*,*) — > £/(*,*) is addition in both components. The unitors 
l and r (called identity transformations in [1]) are trivial. The associator (called 
associativity isomorphism in [1]) is 

ol\ R" x R" x R" —>■ R n x A 3 R", (*i, 1 2 , * 3 ) >—^ (t± -t- t 2 T £ 3 , — 1\ A t 2 A £ 3 ). 

It is routine to check that Q is a weak 2-category (see [11, Definition 2.7]) or a 
bicategory in the notation of [1, (1.1)]. All arrows and bigons are invertible and Q 
has only one object, so it is a weak Lie 2-group. 

The computations above suggest that Q should be equivalent to the strict 2-group C-u 
associated to the crossed module 7i. More precisely, we are going to construct mor- 
phisms l \ Q —> C-u and 7 r: C-u —> Q such that 7ro t is the identity morphism on Q and 
t o 7T = Ad$ is equivalent to the identity morphism on C-u by the transformation d>. 
The morphism l maps the arrow t to (t, 0) and t => t to (0,£): (f, 0) => (f, 0). 

This is strictly unital, so the bigon t(l») =>• 1* is (0,0). The compatibility with 
multiplication is given by 

<*>i{h,t2) = {~ti At 2 ,0): (ti +i 2 ,*i A t 2 ) = i(*i) ■ i(t 2 ) 

t(*i + * 2 ) = ('ti + t 2 , 0). 

Routine computations show that l is a morphism; in particular, the cocycle condi¬ 
tion [11, (4.2)] for becomes 

c (ti,0)( w i(*2, £ 3 )) — w t (f 1 + t 2 , * 3 ) + ui L (ti, t 2 + * 3 ) — U) L (ti, t 2 ) 

— (0, —t\ A t 2 A * 3 ) = 0, 

which holds because of our choice of the associator in Q. 

The projection 7 r: C-u —>• Q is defined so that 1 o n = Ad$. Since l is faithful on 
arrows and bigons, this determines 7 r uniquely, and it implies that 7 r is a morphism 
because Ad$ is one. Our Ansatz dictates 7 r(f, rj) = t and 

*■((0,0 : {t, V) => (*, V + 0)) = (£ : t =>- t), 

so that lott and Ad$ involve the same maps on arrows and bigons. The morphism 7 r 
must be strictly unital because 1 and Ad$ are so. The canonical bigon 

w t 7 r ((fi, r]i), (t 2 , r] 2 )) : mt(*i, 771 ) ■ m(t 2 , r] 2 ) => Lir((ti, 771 ) • (f 2 , 172 )) 

is the vertical composite of 

u L {n(ti,r)i),Tr(t 2 ,r) 2 )): «r(f 1 , 771 ) • nr(t 2 ,rj 2 ) => i( 7 r(f 1 , 771 ) • Tr(t 2 ,rj 2 )), 
t(w ff ((fi,T 7 i), (*2,772))): t(7r(*i,77i) • n(t 2 ,r] 2 )) => t(7r((*i, 771 ) • (* 2 , 172 )))- 

So we must put w T ((*i, 771 ), (* 2 , rj 2 )) = *i A 772 : *1 + t 2 => *1 + t 2 to get w LTV — • 

This finishes the construction of 7 r. 

Since ltt = Ad$, d> is a transformation from the identity on C-u to wr. The 
composite 7rt: Q —> Q is the identity on objects and arrows, strictly unital, and 
involves the identical transformation w„, so it is equal to the identity functor. 
Thus l and 7 r are equivalences of weak 2-groups inverse to each other. Both are 
given by smooth maps, so we have an equivalence of Lie 2-groups. 

Remark 2.3. In the arguments above, we may replace A 3 R" everywhere by A 3 R”/T 
for any closed subgroup T. We shall be interested, in particular, in the case where 
we use A 3 R"/A 3 Z" because the latter group is compact and because the actions of 
Q or H that we need factor through this quotient in the case of T"-bundles. 
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3. Equivariant Brauer groups for bigroupoids 

The equivariant Brauer group Brc;(P) of a transformation group G x P is defined 
in [12]. It classifies continuous trace C*-algebras with spectrum P with a G-action 
that lifts the given action on P. This definition is extended from transformation 
groups to locally compact groupoids in [15]. Here we extend it further to locally 
compact bigroupoids. “Bigroupoids” are called “weak 2-groupoids” in [11], The 
bigroupoids we need combine the groupoid Q defined in Section 2 with an action 
a: 1" —> Diff(P) of K" by diffeomorphisms on a manifold P. 

Explicitly, we consider the following locally compact bigroupoid C. It has object 
space C° = P, arrow space C 1 = M" x P, and space of bigons C 2 = A 3 K Jl xR”xP. 
Here an arrow (t,p) £ K ra x P has source p and range ct t (p), and the multiplication 
is the usual one: (U, a t 2 (p 2 )) • (t 2l p 2 ) = (ti + t 2l p 2 ); a bigon (£,f,p) S A 3 K ra x 
l n x P has source and range (f,p); the vertical composition adds the ^-components: 
(£i ,t,p) ■ (£2 ,t 7 p) = (£1 +£ 2 , f,p); and the horizontal composition is 

( 6 -A 1 ,c*t 2 (p 2 )) • ( £, 2l t 2l p 2 ) = (Ci +t; 2l ti + t 2 ,p 2 ). 

The unit arrow on an object p is (0,p), the unit bigon on an arrow (f,p) is (0,f,p). 
Units are strict, that is, the left and right unitors are trivial. The associator is 

a((ti,Pi), {t 2 ,p 2 ), (t3,P3)) = (-U A f 2 A t 3l t ! + t 2 +t 3 ,p 3 ) 

for a triple of composable arrows; that is, for pi £ P, ti £ K" for i = 1,2,3 with 
Pi -1 = ati(Pi) for i = 2,3. It is routine to check that this is a bigroupoid. All the 
spaces are smooth manifolds, hence locally compact, all the operations are smooth 
maps, hence continuous, and range and source maps are surjective submersions, 
hence open. Thus C = Q x P is a Lie bigroupoid and a locally compact bigroupoid. 

Actions of locally compact bigroupoids on C*-algebras are defined in [11]. We 
shall use [11, Definition 4.1] for the correspondence bicategory as target bicategory 
(“bicategories” are called “weak 2-categories” in [11]), but with some changes. First, 
we require functors to be strictly unital, that is, the bigons u x in [11, Definition 4.1] 
are identities; this is no restriction of generality because any functor is equivalent 
to one with this property, as remarked in [11]. Secondly, since C has invertible 
arrows, all correspondences appearing in an action of C are equivalences, that is, 
imprimitivity bimodules. Third, we need continuous actions; continuity is explained 
at the end of Section 4.1 in [11]. Fourth, we work with the opposite bicategory of 
imprimitivity bimodules, that is, an A, B-imprimitivity bimodule is viewed as an 
arrow from B to A; otherwise the multiplication maps below would go from E g ®Eh 
to Eh g instead of E g h- 

Now we define a continuous action of a bigroupoid C by correspondences or, 
equivalently, by imprimitivity bimodules, with the modifications mentioned above. 
Such an action requires the following data: 

• a Go(C°)-C*-algebra A; we denote its fibres by A x for x £ C°; 

• a Cc^oj-linear imprimitivity bimodule E between the pull-backs r*(A) 
and s*(A) of A along the range and source maps; thus E is a bundle over C 1 
where the fibre at g £ C 1 is an A r ^, A s ( ff )-imprimitivity bimodule E g ; 

• isomorphisms oj g ^: E g ®a s(3) Eh —> E g h of imprimitivity bimodules for all 
g,h £ C 1 with s(g ) = r(h), which are continuous in the sense that pointwise 
application of gives an isomorphism of imprimitivity bimodules 

w: pr* (E) ®( spri) .(A) pr 2 (B) P*(E), 

where pr^prjj/Lt are the continuous maps that map a pair (g,h) of com¬ 
posable arrows to <7, h and gh , respectively; so s piq = r pr 2 maps (<7, h) to 
s{g) = r(h); 
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• isomorphisms of imprimitivity bimodules Ub' E S2 ( b ) —> E r2 ( & ) for all bigons 
6 £ C , which are continuous in the sense that they give an isomorphism 
of imprimitivity bimodules U : si,(E) — > r^E); here r 2 , S 2 : C 2 =4 C 1 map a 
bigon to its range and source arrow; 

this data is subject to the following conditions: 

(Al) Ei x = A x for all x £ C°, and the restriction of E to units is A; 

(A2) u 9tl : E g ® As{g) A s ( g ) -A- E g anduq^: A r ( h )® Ar(h) E h ->■ E h are the canonical 
isomorphisms for all 5, h £ C, 

(A3) U is multiplicative for vertical products: o Ub 2 = Ub 1 -b 2 for vertically 

composable bigons 61,62 £ C 2 ; 

(A4) if 61 : /1 =>■ gi and 62 : fi => 32 are horizontally composable bigons, that is, 
s(/i) = s(gi) = r(/ 2 ) = r(< 72 )j then the following diagram commutes: 


E h ®A s(/l) E E E hh 


Ub 1 &)Ubn 


Ub-t »b 


E gi ®A s(91 ) -^32 E 9lQ2 


(A 5 ) if 51,52, <73 are composable arrows in C 1 , then the following diagram com¬ 
mutes: 


(-Egi <8> Eg 2 ) <8> E t 


g 2 J yy j^g 3 
U 91,92 


E gi92 ® E g3 


■ -Egi ® { E g2 ® E g3 ) 

10^00,09 


E gi ® E g2g3 


E, 


(9192)53 






'9l(92fl3) 


here 11(51,52,53): (3132)33 -t 51(3233) is the associator of C 2 , and we 
dropped the subscripts A? on <8> to avoid clutter. 

Condition (A 3 ) says that the maps 5 t-A E g and b ^ Ub form a functor; (A 4 ) 
says that the maps u > git92 are natural with respect to bigons; (Al) says that our 
functor is strictly unital; (A 2 ) is equivalent to the coherence conditions [ 11 , ( 4 . 3 )] 
for unitors; (A 5 ) is [ 11 , ( 4 . 2 )]. 

To define the equivariant Brauer group of C, we also need equivalences between 
such actions. Let (A 1 , E 1 , w 1 , U 1 ) and (A 2 , E 2 , a; 2 , U 2 ) be continuous actions of C. 
A transformation between them consists of the following data: 

• a Co(C°)-linear correspondence F between A 1 and A 2 , with fibres F x for 
x £ C°; 

• isomorphisms of correspondences 

^9 : E g E s(g) E r(g) ®A= (a) E g 

for all 5 £ C 1 , which are continuous in the sense that they give an isomor¬ 
phism V: E 1 ® s *(Ai) s*(F) — > r*(F) <8> t *(a 2 ) E 2 ; 

this must satisfy the following conditions: 
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(Tl) for each bigon b: g =>■ h, the following diagram commutes: 


E 9 ®^ (9) F s(g) 


■ Fr(g) 


Ul<.2)1 

E h F s{h) 


v h 


1 

' ’ 


F r{h) ®Al (h) El 


(T2) V\ x : Aff i F x -A F x (g ^2 A 2 is the canonical isomorphism; 
(T3) the following diagram commutes for g,h £ C 1 with s(g) = r(h ): 


^ ® a ; (s) E h Fs w 




' E lh ®A] (h) F s{h ) 


l®Vh 


Vih 




10 CJ 


9,h 


1 O 1 1 -) r\ 

^9 ® A 9( 9 J ■ Fs(s) ®^(9) Efl ^ ^(J) E 9 ® A «(b) Efl 


Condition (Tl) says that V is natural with respect to bigons, (T2) is the coherence 
condition for units and (T3) is the coherence condition for multiplication. 

An equivalence between two actions is a transformation where each F x or, equiv¬ 
alently, F is an imprimitivity bimodule; then the maps V g and V are automatically 
isomorphisms of imprimitivity bimodules, that is, compatibility with the left inner 
product comes for free. 

A modification between two transformations 

(F 1 , V 1 ), (F 2 , V 2 ) : (A 1 , E 1 ,ui 1 , U 1 ) =4 (A 2 , F 2 , w 2 , U 2 ) 
is given by the following data: 

• isomorphisms of correspondences W x : Ff — > F 2 for all x £ C° that give an 
isomorphism W: F 1 —>• F 2 ; 
this must satisfy the following condition: 

(Ml) for each g £ C 1 the following diagram commutes: 


E 9 ®^ (s) F s( 9 ) 


V„ 


'■(g) 


E l ® A \ g) F s(g) 


v" 


F; 


(9) 


£ El 

r( 9 ) 9 

W Hg)® 1 

L 2 F 2 

r(g) 9 


This is the obvious notion of isomorphism between two transformations. 

Two actions of C may be tensored together in the obvious way, using the hbrewise 
maximal tensor product as in [14]. 

Definition 3.1. The equivariant Brauer group Br(C) of the locally compact bi- 
groupoid C is the set of equivalence classes of continuous actions of C on continuous 
trace C*-algebras with spectrum C°; the group structure is the tensor product 
over C°. We also write Brg(P) = Br(f7 x P ). 

The usual proof in [12] that this defines an Abelian group carries over to our 
case. The formula for the multiplication is particularly easy: 

(Ai, ®p (A 2 , F 2 , ui2, U 2 ) = (Ai gp A 2 , Ei gp F 2 , wi ®pW2, U\ gp t/ 2 ), 
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where means the maximal fibrewise tensor product of C*-algebras over P, the 
corresponding external tensor product of imprimitivity bimodules, or the external 
tensor product of operators. Similar formulas work for equivalences between actions, 
so that the operation descends to equivalence classes. The usual symmetry 
of ®p gives that this multiplication is commutative. Further details are left to the 
reader. 

Definition 3.2. The equivariant Picard group Pice (H, E,ui,U) of an action of C is 
the group of all equivalence classes of self-equivalences on {A, E,w, U), where two 
self-equivalences are considered equivalent if there is a modification between them. 
The group structure is the (vertical) composition of transformations. 

In the special case of actions on continuous trace C*-algebras, the definitions 
above simplify because of the following lemma: 

Lemma 3.3. Let A and B be continuous trace C* -algebras with spectrum X. Let 
E\ and E 2 be two C 3 {X)-linear equivalences from A to B. There is a Hermitian 
complex line bundle L over X with E 2 = E\ ®a L, and conversely E\ < 8 >a L is 
another equivalence from A to B for any Hermitian complex line bundle L. 

Let U\, U 2 ■ Ei =1 E 2 be two isomorphisms of equivalences. There is a continuous 
map ip: X ^ T with U 2 (x) = <p(x) ■ U\(x) for all x £ X, and conversely U\ ■ ip for 
a continuous map <p: X —> T is another isomorphism E 3 —> E 2 . 

We always identify a Hermitian complex line bundle with its space of Co-sections, 
which is a Co(P), Co(P)-imprimitivity bimodule. 

Proof. Let E% be the inverse equivalence. Then E = E\ is a Co(X)-linear 

self-equivalence of A. We are going to prove that E is of the form A ®x L for a 
Hermitian complex line bundle L over X. The opposite algebra H op is an inverse 
for A in the Brauer group, that is, A®x A op = Co(X,K); this is Morita equivalent 
to Co(X). It is well-known that a Co(X)-linear self-equivalence of Cq(X) is the same 
as a Hermitian complex line bundle over X. Since Cq(X) and Co(X, K) are Cq[X)~ 
linearly equivalent, they have isomorphic groups of Co(X)-linear self-equivalences. 
Thus E A op is the space L ® K, where L is the space of sections of a Hermitian 
complex line bundle over X. On the one hand, E <£>a (H op A) = E ®a' Cq(X, K) 
is just the stabilisation of E; on the other hand, it is ( E®xA op )®xA = L<g>IK(g>AH. 
Due to the Cb(X)-linear equivalence between A and A < S > K, we may remove the 
stabilisations again to see that E = A ®a L. It is clear, conversely, that E ®x L is 
again a Co(X)-linear self-equivalence of A. 

If fi,f 2 - Ei —» E 2 are two isomorphisms of imprimitivity bimodules, then 
fff x f \: E\ —> Ei is an isomorphism. In each fibre, ( E\) x is an imprimitivity bimod¬ 
ule from K to K. The isomorphism fff 1 fi gives a unitary bimodule map, and any 
such map is just multiplication with a scalar of absolute value 1. This gives the 
function ip: X —> T, which is continuous because U\ and U 2 are continuous. □ 

Proposition 3.4. The groups Picc{A, E,lo,U) are canonically isomorphic for all 
actions (A, E,ui,U) of C on continuous-trace C* -algebras over C°. 

Proof. Let (Ai, Ei,Wi,Ui) for i = 1,2 be two actions of C on continuous-trace C*- 
algebras over C°. Since the Brauer group has inverses, there are other actions 
(A, Ei,tJi, Ui ), i = 3,4, of C on continuous-trace C*-algebras over C° such that 

(Hi, Ei,u>i, U\) < 8 >c° [A3, E 3 , W 3 , U 3 ) = (A, E 2 ,ui 2 , U 2 ), 

(A, E2, u>2, Uf) < 8 >e° (A, E4, UJ4, U4) = (Hi, Ei, wi, Ui). 

Tensoring a self-equivalence of [A±, Ei,uii,U\) with the identity equivalence of 
{A 3 ,E 3 ,lo 3 ,U 3 ) gives a self-equivalence of (H 2 , £ 2 ,^ 2 , C/ 2 )- Tensoring a self-equiv¬ 
alence of (A 2 , E 2 ,co 2 , U 2 ) with the identity equivalence of (H 4 , E 4 , L 04 , Uf) gives a 
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self-equivalence of (Ai,E\,u>i,Ui). This defines group homomorphisms between 
the two Picard groups that are inverse to each other because (A 3 , £ 3 , 013 , U 3 ) and 
(A 4 , E 4 ,oj 4 , U 4 ) are inverse to each other in the Brauer group. □ 

We denote the common Picard group of all actions of C on continuous-trace 
C*-algebras over C° by Pic(C) and also write Picg(P) = Pic(C? k P). 

Lemma 3.3 becomes even more powerful when we use that the functors that 
send a paracompact space X to the set of equivalence classes of Hermitian complex 
line bundles or continuous trace C*-algebras with spectrum X are both homotopy 
invariant; actually, they are H 2 (X,Z) and H 3 (X, Z). 

Lemma 3.5. Assume that the spaces C l are paracompact. Assume that there is a 
continuous homotopy H: C 1 x [0,1] —>• C 1 with Hq = idcy, Hi = u o r for the unit 
and range maps u,r between C 1 and C°, and r o H t = r for all t £ [0,1]. Assume 
further that r 2 : C 2 —> C 1 is a homotopy equivalence. Let A be any continuous trace 
C* -algebra with spectrum C°. Then: 

(a) there is an imprimitivity bimodule E between r*(A) and s*(Al) that restricts 
to the identity on units; 

(b) any two such E are isomorphic with an isomorphism that is the identity on 
units; 

(c) there are isomorphisms 

P r *(-E) ®( spri )*(A) prJK-E) -»■ T*( E ) a nd U : s* 2 (E) -» rl(E) 

such that wi r(g)i g and u> gt i 3(g) are the canonical isomorphisms and U\ g is 
the identity for all g £ C 1 ; 

(d) any two choices for ui and U as above differ by pointwise multiplication with 

exp(27ri(/?) for a continuous map <p: C 1 XsCo^^UC 2 —> R with ip(l r ( g ),g) = 
0. l«( g )) = 0 and ip(l g ) = 0 for all g £ C 1 . 

Let (A 1 , E 1 ,oj 1 , U l ) for i = 1,2 be actions of C and let F be an A 1 , A 2 -imprimitivity 
bimodule. Then: 

(e) there is an isomorphism of imprimitivity bimodules V: E 1 < 8 > s »(a 1 ) s *(F) — 
r*(F) <S> r *(A 2 ) H 2 that restricts to the canonical isomorphism on units; 

(f) any two choices V 1 and V 2 as in (e) differ by pointwise multiplication with 

exp( 2 - 7 ri(p) for a continuous map ip: C 1 —» R with = 0 for all x £ C°. 

Proof. The pull-backs s*(A) and r*{A) are continuous trace C*-algebras over C 1 
that restrict to the same continuous trace C*-algebra on u(C°) C C 1 . By assumption, 
C n is a deformation retract of C 1 , and the functor X 1 —s> Br(X) is homotopy invariant 
on paracompact spaces. Since u*s*(A) = u*r*(A), there must be an imprimitivity 
bimodule E between s*(A) and r*(A). The restriction of E to units differs from 
the identity imprimitivity bimodule by some line bundle by Lemma 3.3. This 
line bundle extends to a line bundle over C 1 because C° is a deformation retract 
of C 1 . Tensoring E with the opposite of that line bundle, we can arrange that 
u*(E) is isomorphic to the identity equivalence on A; then we may replace E by 
an isomorphic equivalence such that u*(E) is equal and not just isomorphic to the 
identity equivalence on A. This proves (a). 

Let E 1 and E 2 be two equivalences between s*(A) and r*(A) that restrict to 
the identity on units. Then E 2 = E 1 ®ci L for some line bundle L by Lemma 3.3. 
Since u*(E 2 ) = u *(P 1 ), u*(L) is trivialisable. Since C° is a deformation retract 
of C 1 , this implies that L is trivialisable over C 1 , so E 1 = E 2 . This isomorphism 
restricted to units differs from the identity isomorphism by pointwise multiplication 
with some function ip: C° —> T by Lemma 3.3. Since the unit map is a homotopy 
equivalence, this function extends to ip: C 1 -A T. Multiplying pointwise with 
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gives another isomorphism E 1 = E 2 that restricts to the identity on units. This 
proves (b). 

We claim that the inclusion of the subspace 

x = {(lb l s (g)) I 9 G C 1 } U {(1 r(h)>h) | h G C 1 } 

into C 1 Xs CO^C 1 is a homotopy equivalence. Indeed, the maps (g,h) i-A (g,Ht(h)) 
deformation-retract C 1 x^jo^C 1 to the subspace of pairs (g, l s ( 9 )), and they restrict 
to a deformation retraction from the subspace X onto the same space. 

The CoiC 1 x SjT . C 1 )-linear imprimitivity bimodules pr *(E) ®( sp r 1 )»(A) pr^-E) 
and H*{E) differ by some line bundle by Lemma 3.3. Since the two imprimitivity 
bimodules are canonically isomorphic on the subspace X , the line bundle is trivial 
on X. Since the inclusion of X is a homotopy equivalence, the line bundle is trivial 
everywhere. Hence there is an isomorphism oj between pr 1(E) ®( spri )»(A) pr^E) 
and fi*(E). On X , we also have the canonical isomorphism, which differs from ui 
by some continuous function ip: X —> T by Lemma 3.3. As above, we may cor¬ 
rect the isomorphism oj so that it restricts to the identity on X because ip extends 
continuously to C 1 x s>r C 1 . 

A similar argument gives an isomorphism U: —> 72 (E) over the space of 

bigons C 2 with U{l g ) = idfi 9 for all g € C 1 because r 2 is a homotopy equivalence. 
This proves (c). 

Any two choices for oj and U differ through pointwise multiplication with some 
functions C 1 x Sjr C 1 — > T and C 2 — > T by Lemma 3.3; these functions are 1 on X or 
on unit bigons by our normalisations. Since the inclusions of X and unit bigons are 
homotopy equivalences, covering space theory allows to lift such a function to R as 
required in (d). 

The proofs of (e) and (f) use the same ideas. An isomorphism V exists because 
the two imprimitivity bimodules are isomorphic on units and the inclusion of units is 
a homotopy equivalence, and it may be arranged to be the canonical isomorphism on 
units because any continuous function u(C°) —> T extends to a continuous function 
C 1 —> T. Lemma 3.3 shows that two isomorphisms V\ and V 2 differ by a function 
C 1 — > T, which is constant equal to 1 on units. Any such function lifts to R, 
giving (f). □ 

Let (A, E, oj , U ) be a continuous action of C. If F is a Co(C°)-linear Morita equiv¬ 
alence from A to some other C*-algebra A! , then we may transfer the action from A 
to A' along F: let E' = F ®a E (gu F* and translate oj and U accordingly. Hence 
up to equivalence of actions, only the equivalence class of A matters. Similarly, 
if A is fixed and E' is another equivalence s*(A) = r*(A) with E = E' : then we 
may use the isomorphism E == E' to transfer oj and U to E'. So in the definition 
of the Brauer group, only the Morita equivalence class of A and, for fixed A, the 
isomorphism class of E matter. 

4 . Lifting actions to continuous trace algebras 

Let P be a second countable, locally compact space with a continuous action 
of R n ; then P is paracompact. Lemma 3.5 applies to the transformation groupoid 
R n x P and the transformation bigroupoid Q x P because the Lie groups 1" and 
A 3 R ra are contractible. We use this to analyse the obstruction to lifting an R n - 
action from P to a continuous trace C*-algebra over P. Our results for R ra x P are 
already contained in [ 12 ]. 

Consider the case R" first. Here there are no bigons, so the datum U is not there 
and the conditions (A3)-(A4) in the definition of an action are empty. Let A be a 
continuous trace C*-algebra over P. Lemma 3.5 provides the data E and oj for an 
action, satisfying (Al) and (A2), but not yet satisfying the cocycle condition (A5). 
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Since E is unique up to isomorphism, its choice does not affect whether or not there 
is w satisfying (A5), nor the resulting element in the equivariant Brauer group. By 
Lemma 3.5, any two choices for oj differ through pointwise multiplication with a 
function of the form exp(27ri<^) for a continuous function ip : R" x R ra xP->K; here 
we have identified the space of composable arrows in R ra x P with R n x R™ x P. 

Similarly, the space of composable fc-tuples of arrows in R ra x P is (R") fc x P. 
By Lemma 3.3, the two isomorphisms (E gi ® E g , 2 ) <g> E, m — » E gig2g3 in (A5) differ 
by pointwise multiplication with a function (R") 3 xPa T. We can also view this 
as the difference between the isomorphism (E gi (g> E g2 ) <g) E ga —> E gi ® ( E g2 ® E g3 ) 
induced by the two isomorphisms above and the canonical one, which makes it clear 
that this function plays the role of an associator. It is 1 if one of the Reentries is 0 
by our normalisations. Hence arguments as in the proof of Lemma 3.5 show that 
it lifts uniquely to an R-valued function ip: (R n ) 3 xP-iR that is 0 if one of the 
Reentries is 0. When we multiply ui pointwise by exp(27ri<^), then this adds the 
following function to ip: 

d<p{h,t 2 ,t 3 ,p) = <p{t 2 ,t 3 ,p) - ip(h +t 2 ,t 3 ,p) + ip(ti,t 2 +t 3 ,p) - ip(h,t 2 ,a t3 {p)). 
Since the associator diagram 

{{Eg 1 ® Eg 2 ) ® Eg 3 ) ® E gi >■ {E gi ® {Eg 2 ® Eg 3 ) ) ® Eg 4 

1 

Egi ® {{Eg 2 ® E g3 ) ® E gi ) 

I 1 

{Egi ® Eg 2 ) ® {Eg 3 ® Eg , 4 ) >- E gi ® {E'g 2 ® {Eg 3 ® Eg 4 )) 


commutes, we deduce that ip automatically satisfies the cocycle condition 


0 = dip{ti,t 2 ,t 3 ,t4,,p) = *p{t 2 ,t 3 ,t 4 ,p) - ip{ti + t 2 ,t 3 ,t 4 ,p) 

+ ip{t 1 : t 2 + t 3 ,t 4 ,p) -ip{ti,t 2 ,t 3 + t 4 ,p) + ip{ti,t 2 ,t 3 ,a ti (p)). 

More precisely, the function e~xjp(2nidip) is automatically the constant function 1, 
and this implies the above because dip vanishes if one of the L is 0 and the lifting 
of T-valued functions to normalised R-valued functions is unique if it exists. 

As a result, when we view ip as a function from (R n ) 3 to the Frechet space C(P , R") 
of continuous functions P —> R" with the action of R™ induced from the action on P, 
then ip is a continuous 3-cocycle; and we may choose ui to satisfy the cocycle con¬ 
dition (A5) if and only if this 3-cocycle is a coboundary. Thus the action of R” 
on P lifts to an action on A if and only if the class of ip in the continuous group 
cohomology P 3 ont (R ra , C(P, R)) vanishes. We call this class the lifting obstruction 
of the continuous trace C*-algebra A. 

The Packer-Raeburn Stabilisation Trick shows that any action of R" by equiva¬ 
lences as above is equivalent to a strict action by automorphisms on the stabilisation 
of A (this is contained in [11, Theorem 5.3]). Since stabilisation does not change 
the class of A in the Brauer group, we may assume that A is stable. Then the lifting 
obstruction is the obstruction to the existence of a strict action of R ra by automor¬ 
phisms. An obstruction for this is also constructed in [12], but in the measurable 
group cohomology P^j(R ra , C(P, R)). These two cohomology groups coincide by 
[21, Theorem 3]. 

The continuous cohomology group iP 3 ont (R", C(P, R)) may be simplified if the 
action of R” factors through a torus T n . Let H fe R” = (A fc R™)* denote the vector 
space of antisymmetric /c-linear maps (R™) fc —>• R. 
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Proposition 4.1. Let P be a second countable, locally compact T n -space, viewed 
as an R" -space, with orbit space P/W 1 . Then 

H k ont {R n ,C(P,R)) S* C(P/R n ,Ll k R n ) 

for all k > 0 . The isomorphism maps x : P/R n —> fi fc R” to the cocycle given by 

( R n)fe (t 1 ,...,t k ,p) | -tx([p])(U A... A tfe). 

Proof. If the action of T n on P is free, then this is [16, Lemma 2.1]. We explain why 
the result remains true for non-free actions of T". Throughout this proof, group 
cohomology is understood to be continuous group cohomology. 

Continuous representations of R" on Frechet spaces over R are equivalent to 
non-degenerate modules over the Banach algebra L 1 ( R”) of integrable functions 
R n —> R. Let R denote the trivial representation of R". The continuous group 
cohomology for R n with coefficients in a Frechet R ra -module W is the same as 
Ext£i (R „ ) (R,W0. Since L 1 (R n ) is Abelian, the module structures on W and R 
induce an L 1 (R ra )-module structure on Ext£i( K „)(R, W) as well, and both module 
structures are the same. Since one is trivial, so is the other. 

Let V be a Frechet space with a continuous action of T", which we view as an 
action of R n . Split V = U 1 ®!^ 2 where V 1 C V is the space of T”-invariant elements 
and V 2 is the closed linear span of the other homogeneous components. There is an 
element / £ L 1 (R n ) whose Fourier transform / satisfies /(0) = 1 and /(n) = 0 for 
all n £ Z" \ {0}; for instance, we may take / to be the inverse Fourier transform of 
a smooth bump function around 0 supported in (—1, l) n . The function / acts on V 
by the projection onto V 1 . The induced action by / on the cohomology H k { R", V) 
is the same as the action of /(0) because the latter is how / acts on the trivial 
representation. Hence H k (R n ,V 2 ) = 0, so H k (R n ,V) = H k (R n ,V 1 ). In our case, 
the T"-invariant elements in C(P, R) are exactly the functions in (7(P/R",R). 

This proves H k (R n , C(P, R)) = H k (R n ,C(P/R n ,R)), where the action of R” 
on the Frechet space C(P/R™,R) is trivial. Hence we get H k (R n ,C(P/R n ,R)) = 
H k { R", R)®rC(P/R", R), and H k ( R n ,R) ^ n k R n as in the proof of [16, Lemma 2.1], 

□ 

Remark 4.2. Proposition 4.1 still works if the stabiliser lattice Z n of the action 
varies over P, that is, if there is a continuous function 7 : P/R" —>• G1„(R)/G1„(Z) 
such that, for each p £ P, the lattice 7 [ p ](Z ra ) C R" fixes p. 

Now we replace R" by the crossed module Q. We assume that the canonical map 

C(P/R n ,n k R) “ H k ont (R n ,C(P/R n ,R)) -»• H k ont (R n ,C{P,R)) 

is an isomorphism for fc = 2,3. This holds, in particular, in the situation of Propo¬ 
sition 4.1 or Remark 4.2. Theorems 4.3-4.4 extend to this case, although we only 
state them in the situation of Proposition 4.1. 

Under our assumption, the lifting obstruction in H£ ont (R n , C{P, R)) is cohomol- 
ogous to a unique function ip: P/R n —> f2 3 R". We also call this function the lifting 
obstruction of A. The action of R" on P lifts to an action on A if and only if this 
function P/R n —> f2 3 R n vanishes. 

Theorem 4.3. Let P be a second countable, locally compact T n -space and let A be 
a continuous trace C* -algebra with spectrum P. Then the action of T n on P lifts 
to an action of the bigroupoid Q x P on A. 

Proof. Since §kP and R” x P have the same objects and arrows, we may construct 
E and to as above. For an action of Q x P, we also need the datum U, and this 
modifies the cocycle condition for u>. 
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The condition (A3) for vertical products says that U(£,t,p) for fixed f St" and 
p £ P is a continuous homomorphism A 3 R" —>• T. In particular, U(0,t,p) = 1 for 
all t,p. The condition (A4) for horizontal products gives 

U(£l,tl,a t2 (p2)) ' Ufa,t 2 ,P 2 ) = Ufa +&,tl + t 2 ,p 2 ) 

for all £i,£ 2 £ A 3 R", t\,t 2 £ R" and p £ P. For t 2 = 0 and £1 = 0, this says that 
P(6,0,p 2 ) = Ufa,t\,p 2 ), so U(£,t,p) does not depend on t and we may write 
Ufat,p) as U(£,p); for = 0 and £ 2 = 0, (A4) says Ufa, a t2 (p 2 )) = Ufa,p 2 ), 
that is, U(J/,p) only depends on the R"-orbit [p] of p. For a function depending 
only on £ and [p], the two multiplicativity conditions (A3) and (A4) are equivalent. 
Thus (A3) and (A4) say exactly that U is a continuous function from P/R" to the 
space of group homomorphisms A 3 R" T. Such homomorphisms lift uniquely to 
homomorphisms A 3 R" —>• R. Thus U(£,t,p) = exp(27rii;(£, [p])) for a continuous 
function v: P/M. 71 —> B 3 R" that is uniquely determined by U. 

Proposition 4.1 shows that there is a unique continuous function P/R" —>• f2 3 R" 
that represents the lifting obstruction for an Reaction; that is, this function mea¬ 
sures the failure of the cocycle condition (A5), without the associator U, for a 
particular choice of u When we put in the associator, then (A5) holds if and only 
if v above is equal to the lifting obstruction. Hence there is an action (E, oj, U ) 
of Q x P on A. □ 

Our next goal is a long exact sequence containing the Brauer and Picard groups 
of C and some known cohomology groups of P and P/R ra . Let For: Br g{P) —>■ Br(P) 
and For: Picc;(P) —>• Pic(P) denote the forgetful maps. 

Theorem 4.4. Let P be a second countable, locally compact T 71 -space. There is a 
natural long exact sequence 

0 <- Br(P) Brg(P) <- C7(P/R”, H 2 R n ) Pic(P) Pic S (P) 

^ C^P/R^R 71 ) -f- H\P, Z) P 1 (P/R", Z) ^ 0. 

Here P 1 (—, Z) denotes Cech cohomology. Furthermore, there are natural isomor¬ 
phisms Br (P) = P 3 (P, Z) and Pic(P) = H 2 (P, Z). 

Proof. The surjectivity of For: Brg(P) -A Br(P) is asserted in Theorem 4.3. Choose 
an action (E,u,U) on A in Brp(P). Any other action (E',uj', U') on the same A 
has E' = E by (b) in Lemma 3.5; this gives an equivalence to an action with 
E’ — E. The proof of Theorem 4.3 shows that we cannot modify U at all, that is, 
U = U', because it must be the exponential of the lifting obstruction of A. The 
freedom in the choice of ui is to multiply it with exp(27rip) for a continuous function 
<p: R n x R n x P —y R normalised by <p(t, 0, p) = <p(0, t , p) = 0; it must satisfy dip = 0 
so as not to violate (A5). That is, p is a cocycle for H/ ont (M n , C(P, R)). 

An equivalence of actions allows, among other things, to conjugate u> by an 
isomorphism V: E —> E that restricts to the identity on units. By Lemma 3.5, this 
function V differs from the identity by a continuous function R ra xP->T, which 
lifts uniquely to a continuous function n: R" xP->R normalised by k(0,p) = 0 
for all p £ P. Conjugating ui by the equivalence of actions defined by k multiplies 
it by exp(27rii9«;) with 

dn(ti,t 2 ,p) = K(t 2 ,p) - nfa + t 2 ,p) + n(ti, a t2 (p)). 

Thus only the class of p in P^ ont (R", C(P, R)) matters for the equivalence class 
of the action. Proposition 4.1 identifies Hf ont (M n ,C(P 1 M)) with C(P/R n , fl 2 R"); 
that is, any cocycle p is cohomologous to a unique one of the form {t\,t 2 ,p) e-> 
X[p\{t 1 A t 2 ) for a continuous function y: P/R" fl 2 R". Summing up, any action 
of C on A is equivalent to one having the same E and U and u> ■ exp(27riy) for 
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some x £ C(P/ M ra , fl 2 M"). Twisting the unit element of Br g(P) with exp(27rix) as 
above defines a group homomorphism C(P/M n 1 17 2 R n ) -A Brg(P), which is one of 
the maps in our exact sequence. Our argument shows that its range is the kernel 
of For: Brg(P) —> Br(P), that is, our sequence is exact at Br g(P). 

So far, we have only used equivalences of a special form. In general, an equiva¬ 
lence between the two actions of C on A also involves a self-equivalence of A, that 
is, an element F £ Pic(P). This is given by a line bundle over P by Lemma 3.3. 
An equivalence A ~ A' allows to transport the given action (E,ui,U) on A to an 
action (E',u!',U') on A!\ now we apply this to the self-equivalence F. This gives 
E' = r*(L) ®p E ®p s*(L)*, with u>' and U' defined by first cancelling pull-backs 
of L L* in the middle and then applying ui and U. By Lemma 3.5 (b), there 
is an isomorphism E' = E that restricts to the identity on units. Using this, we 
transfer ui' and U' to E. The argument above shows that, choosing the part V in 
the equivalence suitably, we may arrange that u>' = exp(2-7rix)w and U' = U for 
some x £ C(P/R", fl 2 R n ); furthermore, x is independent of choices. 

Sending F £ Pic(P) to this x G C(P/R", fl 2 R ra ) gives a well-defined map 
Pic(P) -A C(P/R n , S4 2 R n ); this is the next map in our exact sequence. It is routine 
to check that this map is a group homomorphism. Since we have now used the 
most general form of an equivalence, the actions (E,cj,U) and (P, exp(27rix)w, U) 
are equivalent if and only if \ is i n the image of Pic(P) -A C(P/R", fl 2 R"); that is, 
our sequence is exact at C(P/R”, fi 2 R”). Furthermore, if % = 0 then the equiva¬ 
lence (P, V) from (P, w, U) to the twist by x is a self-equivalence, so we have lifted 
P £ Pic(P) to (P, V) £ Picg(P). Thus our sequence is exact at Pic(P). 

Now we consider the kernel of For: Picp(P) -A Pic(P); this consists of self¬ 
equivalences (P, V) of ( A , P, u>, U) where P is isomorphic to the identity equivalence 
on A; we may arrange P = A by a modification. Any two choices for V differ 
by pointwise multiplication with exp(27ri</?) for some continuous function ip: R n x 
P —»• R normalised by (p(0,p) = 0 for all p £ P by (f) in Lemma 3.5. Since V 
already satisfies the coherence condition (T3) for a cocycle, <p must be a cocycle for 
Hi ont (R",C(P, R)). 

Among the modifications from (P, V) to (P, V') for some V', we may consider 
those given by W = exp(27ri ip) for some ip: P —> R. This gives a modification 
from (F,V) to (F,V ■ dW) with dW(t,p ) = W(a t p)W(p)~ 1 . Thus only the class 
of the cocycle ip in Hp ont (M. n , C(P, R)) matters for the class in the Picard group. 
Proposition 4.1 identifies F[p ont (M. n , C{P, R)) = C(P/R n , R n ). So we get a surjective 
group homomorphism from C(P/R n , R ra ) onto the kernel of For: Picg(P) -A Pic(P). 
This map continues our exact sequence and gives the exactness at Picp(P). 

So far, we have only used modifications that lift to a map P —>• R; general 
modifications involve continuous maps <f>: P —> T = R/Z. Locally, such a map lifts 
to R. Choosing such a local lifting gives an open covering of P and a subordinate 
Cech 1-cocycle on P with values in Z. There is a global lifting of (p to a function 
P —> R if and only if this 1-cocycle is a coboundary. Any Cech 1-cocycle in H 1 (P, Z) 
is the lifting obstruction of some continuous maps (j>: P —> T by a partition of unity 
argument. Thus P 1 (P, Z) is the quotient of the group of all functions P —>• T 
modulo those functions of the form exp(27ri'0) for a continuous function ip-. P —> R. 

Any function W: P —>• T gives a modification between a given transforma¬ 
tion (P, V) and another transformation (P, V-dW) with dW as above. Since this has 
the same underlying equivalence P, dW is of the form dW = exp(27ri«:) for a con¬ 
tinuous map k: R" xP aR, which represents a 1-cocycle in P^ ont (R n ,C(P,R)) = 
C(P/R”,R"). Thus there is a unique continuous function x £ C'(P/R n ,R ra ) and a 
function h: P —> R such dW = exp(27ri(x + dh)). Hence we get a well-defined map 
H 1 (P, Z) -A C'(P/R n ,R n ) by sending the class of W in P 1 (P, Z) to the unique x 
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above. The image of this is the set of all x for which (F, V exp(27rix)) is equivalent 
to (F,V). This gives the exactness of our sequence at C(P/R”, R”). Further¬ 
more, x = 0 means that d(W/ exp(27ri/i)) = 1 for some h £ C(P, R). Equivalently, 
W/ exp(27ri/i)) is an ^"-invariant function on P. This happens if and only if [W] £ 
H 1 (P, Z) is in the image of H 1 (P/M n , Z); here the map H 1 (P/M n , Z) —> H 1 (P, Z) is 
induced by the quotient map P — > P/R ra . We have shown exactness of our sequence 
at H\P, Z). 

If p: P/W 1 —> T goes to the trivial element of P 1 (P, Z), then ip = exp(2mip) for 
some i/>: P —y R. Since ip is constant on R^-orbits and these are connected, ip is 
also constant on R n -orbits, so we have lifted p to ip: P/W 1 —» R. Thus p gives the 
trivial element of iP(P/R”, Z); that is, our sequence is exact also at P 1 (P/R”,Z). 
The natural isomorphisms Br(P) = H 3 (P, Z) and Pic(P) = H 2 (P, Z) are well- 
known. □ 


4.1. Making the action strict. So far, our actions on continuous trace C*-algebras 
are actions by equivalences of the Lie bigroupoid Q. We are going to turn these into 
strict actions of the crossed module TL. First, the equivalence between TL and Q 
shows that actions of Q and TL are “equivalent.” In particular, Br g(P) = Br- r(P). 
Secondly, any action by correspondences of the crossed module TL is equivalent to a 
strict action by automorphisms, and equivalences among such actions are equivari- 
ant Morita equivalences in an almost classical sense. 

Let ( A , E, oj, U ) be an action of Q x P by correspondences. This is a morphism 
from the bicategory Q k P to the correspondence bicategory, satisfying some conti¬ 
nuity conditions. We may compose this with the morphism Cu kP->5kP induced 
by 7 T: Cu —>• Q] this gives an action of Cu x P by correspondences. Conversely, an ac¬ 
tion of Cu x P gives an action of Q x P by composing with the morphism induced by 
Cu- Going back and forth induces a bijection between equivalence classes of 
actions because l and 7 r are inverse to each other up to equivalence. All this follows 
from general bicategory theory, which tells us how to compose morphisms between 
bicategories, how to compose transformations between such morphisms vertically 
and horizontally, and that there are related multiplication operations on modifi¬ 
cations; in brief, bicategories with morphisms, transformations and modifications 
form a tricategory. 

Everything above also works for topological bicategories and continuous mor¬ 
phisms, transformations and modifications. The correspondence bicategory, how¬ 
ever, is not a topological bicategory in the usual sense. The continuity of a map 
from a locally compact space X to the set of C*-algebras is defined in an ad hoc way 
by giving a C'o(A')-C*-algebra as an extra datum. So continuity is not a property 
of a map, but extra structure. Consider a continuous map /: Y —» X between 
locally compact spaces and a continuous map from X to C*-algebras, given by a 
map x >-> A x to C*-algebras and a Co(A!)-C*-algebra A with fibres A x . Then the 
pull-back f*(A) = Cq(Y) ®c 0 (x) A is a Co(T)-C*-algebra with fibres Af( y y, this 
is how we compose a continuous map to C*-algebras with the continuous map /. 
Similarly, we may pull back C*-correspondences and operators between them along 
continuous maps. This is how we compose continuous maps from locally compact 
spaces to the arrows and bigons in the correspondence bicategory. The general 
theory implies, in particular: 

Theorem 4.5. Let P be a locally compact lBL n -space. The morphisms i r and l be¬ 
tween Q and TL induce an isomorphism Br g(P) = Br u{P)- If P second countable 
and the R n action factors through T n , then any continuous trace C* -algebra over P 
carries an action of TL lifting the action of R" on P. 
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Let (A', E' ,u>',U') and (A, E,ui,U) be actions ofH and Q corresponding to each 
other. Then the equivariant Picard groups Picg(A , E, u>, U ) and Pic«(A', Eui', U') 
are canonically isomorphic. □ 

We also use the notation 7f x P for the bigroupoid C-h k P. Now we make 
explicit how a continuous action (A, E,ui,U) of Q x P gives a continuous action 
(A', E\ u/, U') of 7f x P. We put A! = A, and E'^. ^ = E t with E' = pr *(E), where 
pr : : 1" x A 2 R n —> M” maps (t,rj) t -4 t. Moreover, U'^ g ^ = U ,j for all 9 £ A 2 R”, 
£ £ A 3 R re . The map u/ is defined by composing 


-®(tl, 771 ,a t 2 (p 2 )) ® E (t 2 ,r) 2 ,p 2 ) ® E {t 2 ,p 2 ) ^ •®(tl+t 2 ,P 2 ) 


C/(w T ((ti,7)i),(t2,»)2))) ^ 




V (*1+*2>P2) & (tl+*2,I)l+P2+tlAt 2 ,P2) ’ 

where 771 ), (£ 2 , ^ 2 )) = t± Ar ) 2 and where the tensors are over A a ( pa ). Thus 

v'{(t ll r) 1 ),(t 2 l 'n2,P2)) = U{t 1 /\r] 2 ,p 2 ) -u{ti,t 2 ,p 2 ). 


It is routine to check that (A, E',ui', U ') is a continuous action of H \x P. 

Let (A®, P®, w®, U l ) for * = 1, 2 be two continuous actions of x P and let (P, V) 
be a transformation between them. Construct actions ((A®)', (P®)', (w®)', (17®)') 
of 77 k P for i = 1,2 as above. The induced transformation (F',V) between 
these actions of 7i x P is given by F' = F and 


V(t,r),p) — Tt,p : (E )(t,r],p) E P — E (t,p) E P 

■7' Tat(p) ® A2 at ( p) E(t,p) = Tat(p) )(t,p,p)' 

This is indeed a transformation, and it remains an equivalence if (P,17) is one. 
Thus equivalent actions of C? x P induce equivalent actions of FL x P, as asserted 
by Theorem 4.5. There is nothing to do to transfer modifications between Q x P 
and MkP. 

Strict actions of crossed modules of topological groupoids are defined in [10]. We 
make this explicit in the case we need: 


Definition 4.6. Let A be a Co(P)-C*-algebra. A strict action of H x P on A by 
automorphisms is given by continuous group homomorphisms a: H 1 —> Aut(A) and 
u: H 2 —>• U(M(A)) with a^h) = Ad u (/q for all h £ H 2 and othiuk) = u c h (k) for ah 
h £ if 1 , k £ H 2 , such that the homomorphism C'o(P) —>• ZM(A) is fP-equivariant, 
where H 1 acts on P through the quotient map H 1 —>• 1", (£, 77 ) t. 


Such a strict action of FI x P by automorphisms induces an action by corre¬ 
spondences. First, we take E = r*(A) as a left Hilbert A-module, with the right 
action of s*(A) through a: (x ■ a)(t,r],p) = x(t,r),p) ■ at, v (a(t,r),p)) for all x £ E, 
a £ s*(A); so a(t,r],p) £ A p and a t , v (a(t,ri,p)) £ A Qt(p) = A r(t)P) 9 x(t,r],p ), as 
it should be. The isomorphisms ui map X\ ® x 2 4 ii • ott, p {x 2 ) for x\ £ P( tlpp ), 
x 2 e T \ t 2 ,r, 2 , P2 ), and P((s,{),(t,p),p) = E (t, v , P ) -> E (t, v +e,p ) multiplies on the right with 
the unitary w((9,£)*. This is an action by correspondences as defined above. 

Theorem 4.7. Any action ofFL^.P by correspondences is equivalent to an action 
that comes from a strict action of 7f x P by automorphisms. 

Proof. This is contained in [11, Theorem 5.3]. □ 


By construction, the action by correspondences coming from a strict action has 
E = r*(A) as a left Hilbert A-module and E = s*(A) as a right Hilbert A-module. 
Therefore, if F is a (^-correspondence between A 1 and A 2 for two such actions 
(A 1 , E 1 , u 1 , 1/ 1 ), then E 1 ® S »( J 4 1 ) s*(P) = s*(F) as a right Hilbert s*(A)-module 
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and r*(F) E 2 = r*(F ) as a left Hilbert r*(A)-module. In particular, these 

are isomorphisms of Banach spaces. The isomorphism V in a transformation is 
therefore given by bounded linear maps V g : F s r g ) —> F r ( g y, the extra conditions to 
induce an isomorphism of correspondences E 1 <8 > s *(a 1 ) s*(F) r*(F) &V*(A 2 ) E 2 are 

exactly the usual equivariance conditions for an equivariant correspondence. Thus 
the notion of equivalence for actions of H x P by correspondences amounts to a 
standard notion of equivariant Morita equivalence. 

Theorem 4.8. Let A be a C* -algebra. A strict action of TL on A is equivalent 
to a pair of continuous maps or. 1" —> Aut(A) and u: A 2 R™ —> UM(A) with the 
following properties: 

(a) a s at = Ad S ( sA od s +t for all s,t £ R" and do = id; 

(b) u is a group homomorphism; 

(c) d s (u(t A v))u(t A v)* £ UM{A ) is central and fixed by a w for all elements 
s, t,v, w £ M ra ; 

(d) a s (u(t A v)) u(t A v)* = u(s A v) dt(u(s A v))* for all s,t,v £ 1”. 

Proof. Let d and u have the required properties. We claim that there are well- 
defined group homomorphisms 

a: Ft 1 —> Aut(A), (t, rj) >->• Ad^) o d t , 

u: H 2 —> UM(A), ( 9 , s A Of) >-> u{9) • d s (u(6 2 ))u(92)* ■ 

The map a is clearly well-defined. Since a s (u(r]))u(r))* is central, the automor¬ 
phisms Adu( v ) and Ad^p^)) are equal for all s £ R", rj £ A 2 R". Hence 

o oc{t 2) i?2) — Ad^;^ 1 ) o cx ^ 1 o Ad^;^ 2 ) oa t2 
Ads^i) o Ad Sti (u(t, 2 )) o c%t 1 o oit 2 

Adu(r)i) ° Ad^^) 0 a^ 2 ) 0 ^ii+^2 ^Au(j]\)u(ri2)u{t\At?) 0 ^ii+t2 

= Ad.u(^ 1+ ^ 2+tlAt2 ) o d tl+t2 = a(ti + t 2l r]i + 772 + t\ A t 2 ). 

Thus a is a homomorphism. We have u(6,f) = u(6 1 0)u(0,f) and 9 i-a u{9, 0) 
is a group homomorphism. By assumption, the map (s,t,u) >->■ u{ 0, s At A v) is 
antisymmetric and additive in t and v; thus it is additive also in s and hence 
descends to a group homomorphism on A 3 R™. Since u(0, s A t A v) is central, u is 
a well-defined group homomorphism. We have a; t ri )(ug^) = ue t £+tA6 and <T(o,e) = 
Ad u (e^) by construction, so a and u form a strict action of the crossed module H. 
Conversely, such a strict action (a, u ) gives back (d, u ) as above by taking dt = a t ,a 
and 11 ^ = u V fi. □ 

Remark 4.9. Crossed products for crossed module actions are studied in [10] in 
the strict case, and in [9] for actions by correspondences. This construction is, 
however, not very useful in our case because the crossed product is simply zero 
whenever the associator U is non-trivial. More precisely, the analysis in [9] shows 
that the crossed product factors through the quotient of A by the ideal generated 
by ( U ,{ — l)a for all a £ A, £ £ A 3 R ra . In the interesting case where the associator 
is needed, this quotient is zero. 

To get a non-zero C*-algebra, we may first tensor A by some other action B of H 
with the opposite associator, so that the diagonal action of H on A ® B has trivial 
associator. Thus A®B carries a Green twisted action of R", and the crossed product 
with H on A® B is the appropriate R"-crossed product for such twisted actions. A 
good choice for B is the action of H corresponding to the non-associative compact 
operators defined in [4], see Theorem 4.10 for the corresponding Fell bundle over Q. 
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4.2. Non-associative algebras. We now relate actions of the bigroup Q to non- 
associative Fell bundles over the group R" with a trilinear associator. We inter¬ 
pret these as continuous spectral decompositions for non-associative C*-algebras as 
in [4]. In particular, non-associative C*-algebras arise as section C*-algebras for 
non-associative Fell bundles over l". 

Let (A, E,ui,U) be an action of Q on a C*-algebra. This consists of imprimi- 
tivity A, A-bimodules E t for t £ R n with a continuity structure E C JI tgR „ E t , 
with a continuous multiplication map w : u Et ® a E u — > u Et+ U , and with a homo¬ 
morphism A 3 R" -A ZUM{A) : £ i-a Ug, to the group ZUM(A) of central unitary 
multipliers of A; here we use the same arguments as in the proof of Theorem 4.3 to 
see that the isomorphism E t -A E t associated to the bigon £: t => t does not depend 
on t , belongs to the centre, and that the map £ >-a is a group homomorphism. 
In addition, these arguments show that the unitaries are “invariant” under the 
R”-action; this means here that left and right multiplication by on E t gives the 
same map for each t; this is more than being in the centre of A, it means being in 
the centre of the whole Fell bundle. 

We view the map cu as multiplication maps E t x E u —> E t + U - The cocycle 
condition for ui then becomes 

(2) Xt * ( X u * X v ) — UtAuAv ' ((•££ ' Xu) * X v ) — (.(.Xt ' X u ) * X v ) • UtAuAv 

for all Xt £ E t , x u £ E u , x v £ E v , t,u,v £ R". Thus our multiplication is not 
associative unless U is trivial, but in a controlled fashion given by the associator U. 
The multiplication determines the associator uniquely by (2). The existence of a 
continuous homomorphism U: A 3 R" -a ZUM(A) verifying (2) is a restriction on 
the lack of associativity of the multiplication map u>. 

There are unique conjugate-linear involutions E t -A E_ t , x i-a x*, so that the left 
and right inner products on the fibres E t are of the form xy* and x*y : respectively. 
We assumed that each E t is an imprimitivity bimodule. This is equivalent to the 
surjectivity of the multiplication maps E t x E u -A E t + U - The two claims above are 
proved in [11, Theorem 3.3] for actions of locally compact groups; the proof carries 
over easily to the bigroup Q (see also [9] for such results about actions of crossed 
modules). When we replace the inner products on Et by the involutions as above, 
we get the data of a saturated Fell bundle over R n , except that our multiplication 
is non-associative with a ZUM (A)-valued associator. Thus we may call this a 
non-associative saturated Fell bundle. 

When we interpret an associative, saturated Fell bundle over R” as a group 
action by correspondences, then the section C*-algebra of the Fell bundle plays 
the role of the crossed product with R re for an action by automorphisms. For a 
non-associative Fell bundle E as above, we may still define a convolution and an 
involution on the space T C {E) of compactly supported, continuous sections of E by 

(h*f 2 ){t)=[ fi(x)f 2 {t~x)dx 

JR n 

and f*(t) = for t £ R". This satisfies (/*)* = / and (/i * f 2 )* = / 2 * * /* 

as usual, but the convolution is not associative. Such non-associative *-algebras 
and their C*-complctions are studied in [4,5]. A non-associative analogue of the 
bounded operators on Hilbert space is defined in [5, Definition 4.2]. Non-associative 
C*-algebras are defined in [5, Definition B.4] as norm-closed subalgebras of the 
non-associative bounded operators. This implicitly defines the C*-completion of 
a non-associative *-algebra C c (E), by considering a supremum of norms over all 
*-homomorphisms to the non-associative bounded operators. 

The dual action of R" on a crossed product by R™ still works on T C (E): let 
(■ a s f){t ) = exp(27risf)/(t) for s,t £ R and / £ T C (E). This is a *-automorphism 
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of F C (E), which extends to the C*-completion C*(E), and the map s i-> u s (f) is 
continuous for each / £ C *(E). 

Conversely, consider a non-associative C*-algebra B as in [4], equipped with 
a continuous (dual) action j3 of 1". A continuous spectral decomposition of the 
Reaction on B is, by definition, a continuous field of Banach spaces E t over R" 
with a continuous multiplication map |_ E t xyu s 4U E t + S and a continuous 
involution -»• u E-t, such that B is R”-equivariantly isomorphic to the 

C*-completion C *(E) of the section *-algebra C c (E ); thus the multiplication in E 
has the same associator as B. Elements of E t give multipliers of C c (E) and hence 
of C *(E), and this maps E t into the space 


M(B) t = {b £ M(B) | f3 s (b) = exp(27risf) • b for all s £ M™} 


of f-homogeneous multipliers of B. Usually, however, the spaces M(B) t are too 
large to give a continuous spectral decomposition of B. A continuous spectral 
decomposition need not exist, and if it exists it is not unique. 

For an associative C*-algebra B, this definition of a continuous spectral decompo¬ 
sition goes back to Exel [13]. Continuous spectral decompositions are related in [8] 
to Rieffel’s theory of generalised fixed point algebras. This shows that continuous 
spectral decompositions need not exist and need not be unique. They always exist 
for dual actions, however, because the Fell bundle underlying the crossed product 
is a continuous spectral decomposition. Therefore, B <g> K(T 2 R n ) = (B x R") xi R" 
always has a continuous spectral decomposition, being a dual action. 

By definition, a non-associative Fell bundle over R" is the same as a continuous 
spectral decomposition for an Reaction on a non-associative C*-algebra with a 
unitary, centre-valued associator. Thus the non-associative C*-algebras in [4] are 
very close to non-associative Fell bundles over R n , and these are the same as actions 
of the bigroup Q. 

As an example, we now construct a Fell bundle over Q corresponding to the 
twisted compact operators K x (L 2 (R n )) defined in [4, Section 5]. Here x'■ A 3 R n —>• 
U(l) is a fixed tricharacter. 

Let A = Co(R ra ). The bigroup Q acts on A via correspondences in the following 
way. Let E t = Co(R n ) for t £ R n , and let A act on E t on the left by a shifted 
pointwise multiplication, 


(a • h){s) = a(s + t) h(s) 


for a £ A and h £ E t , and on the right action by pointwise multiplication, ( h-a)(s ) = 
h(s)a(s). The inner product is the poinwise one, (hi,h 2 ){s) = hi(s)li 2 (s). The 
space of Co-sections is E = Co(R" x R") (we will use the first coordinate of E as the 
one parametrizing the field over R”). The multiplication maps uit lt t 2 '■ Et x ®AEt 2 —> 
Et 1 +t 2 on these fibres are 


Ut u t 2 {hi ®h 2 )(s) = x(h A t 2 As)h 1 (s + t 2 )h 2 (s), 


and £ £ A 3 R ra acts by multiplication with the scalar y(£) in each fibre E t . The 
triple (A, E, u>, U ) satisfies (A1)-(A5) and therefore defines a continuous action of Q 
on A by correspondences. 
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Let E c = C c (R" xR") C£be the subspace of sections of compact support. We 
define a (non-associative) convolution on E c by 


(/ s ) 



Wr,t-r(/(r, •) ® g(t - r, -))(s) dr 
X(r A t A s) f(r, s + t — r) g(t — r, s) dr 
%(r A t A s) f(r + t,s — r) g{—r, s) dr 


JR" 

Define $: C c (WL n x R") -A E c by $(K)(x,y) = K{x + y,y). Then 


(Q(Ki) • ^(K 2 ))(t, s) = / x( r A f A s) K\(t + s, s — r) ^(s — r, s) dr 

JR" ' 

= / x((^ + s) A r A s) iLi(t + s, r) K 2 (r, s) dr 

JR” 

Thus, if K\ ■ I \2 denotes the non-associative convolution operation on C c (R ra x R ra ) 
for the associator x as in [4, Section 5], then • K 2 ) = • $(iL 2 )- 

The Fell bundle also comes with an involution given by the conjugate linear 
bimodule homomorphism E t —> E_ t with h*(s) = h(s + t). For / € C c (R" x R ra ) 
we have f*(t,s ) = f(—t,s + t). The isomorphism $ intertwines the Fell bundle 
involution with the involution defined in [4] because 

&(K)*(t, s) = s + t) = K(s , s + t) = 4 s). 

The Flilbert-Schmidt norm on E c is defined using the trace on A = Eq as follows: 

\\f\\ 2 HS= [ (/* */)(0,s)ds = f |/(r,s)| 2 drds 

JR" JR n xR n 

Thus 4> preserves the norm as well. Therefore, it extends to an isometric isomor¬ 
phism of the non-associative Hilbert-Schmidt operators. Let C*(E) denote the 
(non-associative) ("'’"-algebra obtained by taking the closure of the action of E c on 
the space of Flilbert-Schmidt operators in the associated operator norm. The above 
observations imply: 


Theorem 4.10. The non-associative C*-algebra C*(E) associated to the Fell bun¬ 
dle over Q defined above is isomorphic to K x (L 2 (R ra )) via the unique continuous 
extension 4>: K X (L 2 (R")) —> C*(E). 


5 . Computing the lifting obstruction 

Let P be a T”-space with orbit space X and let A be a continuous trace C*- 
algebra over P. We have seen that the T n -action on P lifts to an R"-action on A 
if and only if a certain tricharacter x : A 3 R™ — > C(X, R) vanishes. How can we 
compute x? 

Let p £ P, let 1 < i < j < k < n, and let C T n be the three-dimensional 
subtorus given by the coordinates i,j, k. The value of \ at (e-i A ej A e*,, [p]) may 
also be computed by the smaller system where we replace T n , P and A by TV,*,, 
T ijk • p C P, and the restriction of A to the orbit Tijk ■ p; this is because the 
lifting obstruction x is natural. Thus it suffices to compute the lifting obstruction 
in the case of a transitive action of a three-dimensional torus T 3 on a space P, with 
some continuous trace C*-algebra A over P. If the stabilisers in P are not discrete, 
then P is two-dimensional, so H 3 (P, Z) = 0 and A is a trivial bundle of compact 
operators. In this case, the T”-action clearly lifts to a T n -action on A, so the lifting 
obstruction vanishes. So we may assume that the stabilisers of points in P are 
discrete. 
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We replace the action of T 3 by one of R 3 , which we want to lift to A. This action 
is still transitive, and by assumption the stabiliser of a point is a lattice r C l 3 . 
We choose coordinates in R" so that this lattice becomes Z 3 Cl 3 . Thus we are 
reduced to computing the lifting obstruction in the case where P = M 3 /Z 3 with the 
standard Reaction. 

Our theory tells us that the continuous trace C*-algebra carries an action of the 
crossed module of Lie groupoids 77 x P. Since R 3 acts transitively on P, this crossed 
module is equivalent to the 77-stabiliser of a point in P; for general nCN this is 
the crossed module of groups 77 with H 1 = Z ra x A 2 R ra and H 2 = A 2 R n ® A 3 R n 
with the restrictions of d and c from 77. In our situation, the usual construction 
of induced actions of groups generalises to crossed modules. As we will see, any 
action of 77 x P on our continuous trace C*-algebra A is induced from an action 
of 77, namely, the restriction of the action of H k P on a single fibre A p = K. 

A strict action of 77 on IK consists of two group homomorphisms a : H 1 -A Aut(K) 
and u: H 2 —> U{M{ K)) such that &g(h) = Ad*^) and u(c g (h )) = a g (u(h )) for 
g £ H 1 , h £ H 2 . Let 

A = Indf! (K) = {f£ C b (H\ K) | f(g • g) = & § (f(g)) for all g £ H\ g £ H 1 } 

be the induced C*-algebra. By [20, Corollary 6.21] it has continuous trace with 
spectrum H 1 / H 1 = T n . It carries a canonical action a: H 1 —> Aut(A) given by 
a h (f)(g) = f{g ■ h). Let u: H 2 -+ U(M(A)) be defined by Uk(g) = u(c g (k)) for 
g £ H 1 and k £ H 2 . The pair (a,u) defines a strict action of 77 x P on A in the 
sense of Definition 4.6. The proof is straightforward, using that d(H 2 ) C H 1 lies 
in the centre of if 1 . 

Similarly, an equivalence (F,V) between two strict actions (a,u) and ( a',u') 
induces an equivalence between the induced actions. Since any action of 7f on A by 
correspondences is equivalent to a strict one by Theorem 4.7, induction descends 
to a well-defined group homomorphism Ind: Br(9f) —>• Br^(T”). Restricting an 
action to the fibre yields another group homomorphism Res: Br^(T") —> Br(77). 

Lemma 5.1. Let 7f and 7f be the crossed modules described above acting on a 
stable continuous trace algebra A with spectrum T n . Restriction to the fibre of A 
and induction of a strict action to 77 K T n are inverse to each other and yield a 
group isomorphism Br(7 i) = Br-H(T n ). 

Proof. If we restrict the induced action to the fibre over 0, we regain the action 
on K we started with. Thus Res o Ind = id Br ^. 

Let po = 0 £ T” = R"/Z n . Let (a,u) be a strict action of 77 x T" on A. 
Let (a,u) be the restricted action of H 1 on A(po), which we identify with K. Let 
A! = Incl^^K) and denote the induced action by ( a',u'). Consider the C(T")- 
algebra homomorphism tp: A —> A ', which maps a £ A to f a with f a (g) = a g (a)(po)- 
Since f ah (a){g) = fa{gh ), it is equivariant. It is norm-preserving and therefore 
injective. Local triviality and a partition of unity argument show that it is also 
surjective, hence an isomorphism. The extension of tp to the multiplier algebra 
maps u to v!. Therefore, tp is an isomorphism that intertwines the two actions of 
H tx T”, which implies Ind o Res = id BrK (T")- □ 

To compute Br(77) we may further simplify the situation by weakening. The 
equivalence between 77 and Q restricts to one between 7 i and Q 1 where G 1 = Z", 
G 2 = A 3 R" with the restriction of the bigroupoid structure from Q. Since IK 
is equivalent to C, strict actions of 77 on K by automorphisms are equivalent to 
actions of Q by correspondences on C. 

Such an action has A = C and E g = C for all g £ G 1 = Z n because this is, up to 
isomorphism, the only imprimitivity bimodule from C to itself. The multiplication 
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maps and the action of bigons give maps w: Z" x Z" -> I and U: A 3 R n —x T 
because an isomorphism C —> C is simply multiplication by a scalar of modulus 
one. The conditions for an action require the following: 

(a) w(0, l ) = to(k, 0) = 1 for all k, l £ IP-, 

(b) U is a continuous group homomorphism; 

(c) to(k + l, m)to(k, l)U(k A l A to) = to(k, l + m)to(l, to) for all k,l,m £ IP. 

For a discrete group T and a T-module M, we denote the group cohomology of 
r with coefficients in M by H^ r (T, M). 

Theorem 5.2. Let k = (™). The pair (to, U) associated to an action of Q on C has 
the following properties: 

(a) U is trivial on A 3 Z™ and therefore yields a character on T fc = A 3 R"/A 3 Z", 

(b) to is a group 2-cocycle representing a central extension of TP by T. 

Moreover, we have group isomorphisms 

Br w (T") ^ Br(-H) ^ Br(C?) S Z fc x H^( Z n ,T). 

Proof. It follows from (c) in the conditions listed above that the restriction of U to 
A 3 Z n is the coboundary of to. In particular, it represents the trivial element in co¬ 
homology. This is impossible if U is a non-trivial tricharacter on TP. Thus to 
is a 2-cocycle classifying a central T-extension of TP and U is a character on 
A 3 R ra /A 3 Z” = T fc . The group of all such characters is the Pontrjagin dual of T fc , 
which is T k . 

An equivalence ( F, V ) between two actions (to, U) and (to', U') has to have F = C, 
and V: Z” —»• T has to satisfy V(0) = 1 and to(k, l)V(k + l) = V(l)V(k) to'(k, l ) for 
all k,l £ Z ra . Therefore ( to,U) and (to', U 1 ) are equivalent if and only if C7 = U' 
and to differs from to' by a coboundary. Moreover, the product of elements in the 
Brauer group of the bigroupoid Q translates into the product of characters and 
cocycles. Since conditions (a)-(c) above fully characterise an action of Q on C by 
correspondences, every pair (to, U) is associated to such an action. Altogether, we 
have constructed a group isomorphism Br(£7) —x Z fe x Z7g r (Z", T). The isomorphism 
Br^(T Tl ) = Br(7 d) was constructed in Lemma 5.1, and Br((?) = Br (TL) follows from 
the equivalence of the two bigroupoids. □ 

We can make the inverse of the isomorphism Br^(T™) = Zx 7J| r ( Z n ,T) more 
explicit: We first have to transfer the action of Q to TL using the functor 7 r, then 
make that weak action strict by passing to a stabilisation by [11, Theorem 5.3]. We 
have = 1/f for 8 £ A 2 R n , £ £ A 3 R” because n(9,f) = f. For ki,k 2 £ TP, 

Vi,V 2 £ A 2 R ra , the natural transformation Tt(k\, rji)-n(k 2 , rjf) => 7r((fci, 771 ) • (Zc 2 ,^ 72 )) 
in Q is ki A g 2 , so w((ki,r]i), (k 2 ,r] 2 )) = ? 7 f lArj2 • to e (ki,k 2 ). 

To turn this action of the crossed module Tl by correspondences into a strict 
action by automorphisms, we take the Hilbert space of L 2 -sections of the Fell 
bundle (C) sgi j 1 over H 1 . In our case, this is simply K, = L 2 (1P x A 2 R"). The 
multiplication in the Fell bundle given by to forms an action of TL on this Hilbert 
module over C. 

We give K (K.) the induced action, so that K. is an equivariant Morita equivalance 
between K (1C) and C with the given action of TL. Since the action of TL on C is non¬ 
trivial, /C is not a Hilbert space representation of TL, but only a projective Hilbert 
space representation. On H 1 , this is given by 

((^ 2 , 772 ) • f)(ki,m) = w((fci,? 7 i), (k 2 ,r] 2 ))f(ki + k 2 ,r] 1 + 172 + h A k 2 ) 
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for fci,fc 2 £ Z n and 771,772 £ A 2 R”. This induces an action a \ H 1 -A Aut(K(/C)). 
Together with the homomorphism u: H 2 —> U (1C) given by 

«(9,0(/)(*» ry) = £^(£ + k A 0) /(fc, 77 + 0) 

this is the strict action of TL on K(/C) that corresponds to the action by correspon¬ 
dences of Q on C given by (co s , U 6 ). 

Finally, we induce the action of TL on K(/C) to TL x T". As described above, this 
produces an action of TL x P with P = R”/Z". More precisely, we get an action 
of TL ix P on a continuous trace C*-algebra over P. 


Theorem 5.3. Let A be the continuous trace C* -algebra that corresponds to the 
element (1,0) £ Z x H 2 r ( Z 3 ,T) = Bph(T 3 ). Then the Dixmier-Douady invariant 
of A is a generator of H 3 (T 3 , Z). 

Proof. Let (0,a;) £ Z x iL 2 r (Z 3 ,T) and choose a cocycle w:Z 3 xZ 3 -A- T repre¬ 
senting x. The action of TL on C by correspondences associated to this pair is 
pulled back from an action of Z 3 on C by correspondences via the canonical functor 
TL -A Z 3 . Let 1C = L 2 (Z 3 ). The group Z 3 acts projectively on 1C via to. This 
induces an honest representation a: H 1 — > Z 3 -a Aut(K(/C')) of H 1 on the com¬ 
pact operators. Let u: H 2 -a U(M{K.(1C))) be the trivial homomorphism. The 
pair (a,u) is a strict action of TL on K(/C'). By the same reasoning as above, 
we may choose A to be the C*-algebra obtained by inducing this ^-action to 
an H-action. Since A = C(T 3 , K(/C')), its Dixmier-Douady class vanishes. But 
Br^(T 3 ) -A Br(T 3 ) = 7J 3 (T 3 ,Z) is surjective, therefore (1,0) has to be mapped to 
a generator of H 3 (T 3 , Z) S* Z. □ 


Corollary 5.4. Let k = (((). The group homomorphism 

Z fe x H 2 t ( Z n ,T) S Br«(T") -A H 3 ( T”,Z), 

which maps an element ([£/],[(*;]) to the Dixmier-Douady class of the associated 
continuous trace C *-algebra restricts to an isomorphism Z fe —» H 3 ( T n ,Z) and maps 
JT 2 r (Z",T) to zero. 


Proof. Each projection : T" -a T 3 for 1 < i < j < k < n induces a commutative 
diagram 


Z fc x H 2 r ( Z n ,T) 


■H 3 ( T n ,Z) 


Pijk 


Pijk 


Z x Hl( Z 3 ,T) 


H 3 ( T 3 ,Z). 


Since the vertical arrows are split by corresponding inclusions T 3 -a T", they are 
injective. In particular, pL fe (l) £ {±e^ A A e*,} C A 3 Z n = Z fe . The statement 
now follows from Theorem 5.3 because Z fe x U 2 r (Z n , T) is generated by the images 
°f all Pijk- D 


6 . Crossed module actions and T-duality 


Let A be a continuous trace C*-algebra whose spectrum is a T"-space P with 
orbit space X. A second such pair A' with spectrum P' and the same orbit space 
is said to be (topologically) T-dual to A if the R"-action on P lifts to one on A 
with A' = Ax R". In particular, this implies an isomorphism of twisted AT-groups 
Kst(A) = K*_ n (A') by the Connes-Thom isomorphism. In the case of principal 
T 1 -bundles, any pair (A, P) has a unique T-dual. 

A T-dual need no longer exist for higher-dimensional torus bundles. The first 
obstruction against it is the lifting obstruction discussed above. Even if it vanishes, 
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the crossed product need not be a continuous trace C*-algebra. Whether this is 
the case is determined by a class in H 1 (X,Z e ) for £ = (™), which is derived from 
the Mackey obstruction as in [17, Theorem 3.1]. If it does not vanish, the crossed 
product turns out to be a bundle of non-commutative tori. 

A (non-associative) Fell bundle (E, u, U ) given by an action of H x P on A 
by correspondences combines all of the obstructions into one structure: We have 
already identified the lifting obstruction. By Theorem 5.2, the Brauer group of 
the fibre Br%(T”) = i7g r (Z", T) x U 3 (T”,Z) may be interpreted as the group of 
all possible Dixmier-Douady classes and Mackey obstructions of T”. As described 
in [19], the group H^ r (Z n . T) can be equipped with a natural topology, and [19, 
Lemma 3.3] gives a homomorphism 

M: Bi’-h(P) —>• C(X, i7| r (Z", T)), 

which sends [A] £ Br^(P) to the function that maps x to the Mackey obstruc¬ 
tion of [A(x)] £ Br^(T"). The homotopy class [M(A)\ £ tt 0 (C(X, Z n ,T))) = 
H x (X, Z £ ) for £ = ( 2 ) vanishes if and only if there is a classical T-dual, see [17, The¬ 
orem 3.1]. 

To summarise: The lifting obstruction of the Fell bundle (E,ui,U) vanishes if 
and only if the multiplication in the Fell bundle is associative. If it is, then we can 
form the section C*-algebra associated to the Fell bundle. This will again be of 
continuous trace if and only if [M(A)] vanishes. If it does, then the section algebra 
is the classical T-dual of A, else it is a non-commutative T-dual. As can be seen 
from this, the non-associative Fell bundle obtained from the crossed module action 
contains all information of the T-dual in case it exists and all residual information 
in case it does not. 
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